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Quantum motion effects in an ultracold-atom Mach-Zehnder interferometer
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We study the effect of quantum motion in a Mach-Zehnder interferometer where ultracold, two-
level atoms cross a π/2 -π -π/2 configuration of separated, laser illuminated regions. Explicit and
exact expressions are obtained for transmission amplitudes of monochromatic, incident atomic waves
using recurrence relations which take into account all possible paths: the direct ones usually con-
sidered in the simple semiclassical treatment, but including quantum motion corrections, and the
paths in which the atoms are repeatedly reflected at the fields.
PACS numbers: 03.75.Dg, 67.85.-d, 03.75.-b
I. INTRODUCTION
The fringes of an interferometer are sensitive to differ-
ential phases of the arms caused by unequal fields along
the interfering paths. This makes interferometers use-
ful for metrology and fundamental studies. In particu-
lar, atom interferometers offer, because of the internal
structure of the atom, richer interactions, greater and
simpler control than the ones based on light, electrons
or neutrons [1]. They are used for the precise deter-
mination of frequencies and times in atomic clocks, as
well as many other applications to measure with unprece-
dented accuracy the gravity field [2] and gravity gradients
[3], rotations [4, 5], fundamental constants [6], accelera-
tions [7], or relativistic effects [8]. Indeed, the accuracy
level is currently so high that the theoretical treatments
of the global performance of the interferometer [9, 10]
or the individual constituents (beam splitters, mirrors)
[11, 12] need to be refined with respect to the simple,
original modelings. A further reason is the use of ultra-
cold atoms [6, 13, 14] to minimize velocity broadening
and to increase coherence lengths and flight times; they
also make possible the spatial separation of the arms by
atomic recoil [15, 16], as in Sagnac interferometry, where
slower atoms increase arm separation, the area enclosed,
and thus the sensitivity achieved. In addition, the use of
condensates and other ultracold-matter phases (such as
the Tonks-Girardeau gas) in internal-state interferome-
try is currently being explored [17, 18]. Since the atomic
velocities may be nowadays several orders of magnitude
smaller than in early beam experiments [19], these devel-
opments raise the following question: Is there any fun-
damental or practical lower bound for the velocities in
interferometry? [20]. To answer it we need to go beyond
the approximation in which the center of mass motion
along the interferometer arms is treated classically.
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FIG. 1: Atom interferometry with a π/2 − π − π/2 pulse
configuration. The left edges of the three pulses are located
at x1 = 0, x2 = L+ l/2 and x3 = 2L+ 3l/2. The beams are
not drawn to scale and their width is greatly exaggerated.
Much work on that line by Borde´ and coworkers has
emphasized a wave packet approach [9, 11]. We shall ex-
plore here a complementary stationary method, extend-
ing some previous results on recurrence relations which
were applied to Ramsey interferometry in a waveguide
[21]. The analysis of stationary solutions leads to use-
ful insight, and quite frequently provides sufficient in-
formation, as the history of scattering theory demon-
strates (consider, e.g., the cavalier but straightforward
derivation of cross sections from stationary waves versus
the more rigorous and cumbersome, but finally equiv-
alent, wave packet derivation). Of course, wave pack-
ets can be constructed afterwards by linear superposi-
tion for examining transients and specific space-time pro-
cesses. Among the interferometers with spatially sepa-
rated paths we shall focus on the simplest configuration,
a Mach-Zehnder interferometer, first implemented in the
time domain by Kasevich and Chu [2]. We shall deal
here with the version in which the laser beams are sep-
arated in space [5]. It consists on a first π/2 laser beam
acting as an atom-beam splitter, followed by a mirror (π
beam) and finally a second, recombining π/2 beam, see
Fig. 1. Our main tool in this investigation is the im-
plementation of exact relations for the final transmission
amplitude in the excited state. They may be cast as “re-
currence relations” in terms of the scattering amplitudes
2for each laser field [21, 22], which allows us to classify
and calculate all possible paths by the number of reflec-
tions 1: the dominant or “direct” ones (without reflec-
tions), associated with the usual semiclassical ordering
of events but affected by quantum corrections, and also
those paths in which the particle is reflected in several
field regions. The extreme low-velocity regime in which
these later “multiple scattering” paths become significant
distorts severely the interference pattern and thus sets a
fundamental lower limit to the atomic velocities for in-
terferometry with fields separated in the space domain
[20, 21]; for intermediate velocities, just above the mul-
tiple scattering regime, direct paths dominate, but the
semiclassical expressions are not yet quite accurate and
need correction. Therefore, an understanding of the var-
ious effects and scales involved is useful. To simplify the
analysis and isolate quantum motion effects from other
phenomena we shall ignore in this paper any external
fields different from the laser fields. Other simplifying as-
sumptions are the consideration of flat and sharp (square)
laser sheets, fully coherent processes (i.e., we neglect ex-
cited state relaxation), and semiclassical atom-laser in-
teraction. Some of these approximations are discussed in
the final section.
II. NOTATION AND HAMILTONIAN
A. Atom field interaction in 3D
We consider a setup where a two-level atom, with
an internal (hyperfine) transition frequency ωge between
levels |g〉 and |e〉, moves with an initial wavenumber
k = (kx, ky, kz) (kx ≫ ky, kz) and is illuminated in three
x-localized regions by a classical electric field E(x, t) =
E0(x) cos (ωLt− kLy + φ(x)) traveling in y-direction, see
Fig. 1. The full 3D Hamiltonian describing this system
in the Shro¨dinger picture is
H =
p2
2m
+ h¯ωge|e〉〈e|
+ h¯Ω(x) (σ+ + σ−) cos [ωLt− kLy + φ(x)], (1)
where σ+ = |e〉〈g|, σ− = |g〉〈e|, the x-dependent Rabi
frequency Ω(x) is assumed to be constant inside the field
regions, Ω(x) = Ω for x ∈ [0, l/2], x ∈ [L+ l/2, L+ 3l/2]
and x ∈ [2L+ 3l/2, 2L+ 2l] and zero otherwise, and the
laser phase φ(x) is constant within each of the illumi-
nated regions with values φn, n = 1, 2, 3. In practice the
traveling wave is an effective one corresponding to two
1 In this paper the term “reflection” refers to a change in the sign
of the momentum component in the longitudinal x-direction. Do
not confuse this with the recoil taking place at the second (mir-
ror) laser, in which the excited or ground state are interchanged
but the momentum component in x-direction does not change
sign.
counter propagating lasers which induce a two-photon
Raman transition and a large (optical) recoil and arm
separation, so that the parameters are effective ones, af-
ter adiabatic elimination of a non-resonant upper state,
see e.g. [23, 24]. In a field adapted interaction-picture
defined by H0 = h¯ωL|e〉〈e|, and applying the rotating-
wave approximation (RWA), the time dependence of the
Hamiltonian is removed,
HRWAI =
p2
2m
−h¯∆0|e〉〈e|+ h¯Ω(x)
2
[
ei[kLy−φ(x)]σ+ +H.c
]
,
(2)
where ∆0 = ωL − ωge is the detuning between the laser
frequency and the internal transition.
B. 1D effective equation in x-direction
To solve the stationary Shro¨dinger equation
HRWAI |φk(x, y, z)〉 = Ek|φk(x, y, z)〉 for an energy
Ek = h¯
2k2/(2m), with k2 = k2x + k
2
y + k
2
z , we use the
ansatz
|φk(x, y, z)〉 = gx(x)eikyyeikzz |g〉+ ex(x)eiqyyeikzz|e〉,
(3)
which describes the momentum transfer in y-direction
when the atom is excited, qy = ky+kL, and conservation
of momentum (free evolution) in z-direction. Inserting
this ansatz into the Shro¨dinger equation gives an effective
equation in x direction,
Hx
(
gx
ex
)
= Ex
(
gx
ex
)
, (4)
where Ex =
k2xh¯
2
2m ,
Hx =
p2x
2m
− h¯∆|e〉〈e|+ h¯Ω(x)
2
[
e−iφ(x)σ+ +H.c
]
, (5)
and ∆ is the effective detuning,
∆ = ∆0 −∆kin, (6)
∆kin =
h¯k2L
2m
+
h¯kykL
m
, (7)
which includes the ordinary detuning ∆0 and the “kinetic
detuning” ∆kin with a photon recoil term and a Doppler
term. From now on we shall deal with the 1D effective
equation (4) only.
III. SEMICLASSICAL REGIME
In the simplest treatment, valid for fast enough par-
ticles, Ex ≫ h¯Ω, kx ≈ qx ≡
√
k2x + 2m∆/h¯, the in-
ternal and longitudinal degrees of freedom are decou-
pled, and the x-component of the center of mass is as-
sumed to follow the classical trajectory x(t) = vxt, where
vx = h¯kx/m. We shall, in other words, treat the interfer-
ometer with fields separated in space as an interferometer
3for fields separated in time. Then, the internal states will
evolve with Hn,
Hn = −h¯∆|e〉〈e|+ h¯Ω
2
(
e−iφnσ+ +H.c
)
, (8)
in the nth laser field, and with the bare Hamiltonian
HB = −h¯∆|e〉〈e| (9)
in the non-interacting regions. The corresponding time
evolution operators are e−iHnt/h¯ in the nth laser and
e−iHBt/h¯ in the free evolution regions. From Fig. 1 it can
be seen that there are four possible semiclassical paths
which lead to an excited atom from an atom which is
initially in the ground state |g〉. If we set τ = l/vx and
T = L/vx, the amplitudes of these four paths are given
by
Ascl1 = 〈e|e−iH3τ/(2h¯)e−iHBT/h¯|e〉〈e|e−iH2τ/h¯e−iHBT/h¯|e〉〈e|e−iH1τ/(2h¯)|g〉,
Ascl2 = 〈e|e−iH3τ/(2h¯)e−iHBT/h¯|g〉〈g|e−iH2τ/h¯e−iHBT/h¯|e〉〈e|e−iH1τ/(2h¯)|g〉,
Ascl3 = 〈e|e−iH3τ/(2h¯)e−iHBT/h¯|e〉〈e|e−iH2τ/h¯e−iHBT/h¯|g〉〈g|e−iH1τ/(2h¯)|g〉,
Ascl4 = 〈e|e−iH3τ/(2h¯)e−iHBT/h¯|g〉〈g|e−iH2τ/h¯e−iHBT/h¯|g〉〈g|e−iH1τ/(2h¯)|g〉, (10)
For a wave-packet, the momentum recoil will lead to a
separation of these paths in the y-direction. If this sepa-
ration is larger than the transversal position spread of the
packet ∆y, h¯kLT/(2m)≫ ∆y, and the detector’s resolu-
tion is better than h¯kLT/(2m), the interference between
the outer paths will be suppressed and only the inter-
ference between Ascl2 and A
scl
3 will be observed, see Fig.
1 (thick lines). The corresponding excitation probabil-
ity is (see the Appendix A for explicit expressions of the
matrix elements in Eq. (10))
P sclge =
∣∣Ascl2 +Ascl3 ∣∣2 = Ω
2
4Ω′6
sin2
Ω′τ
2
×
{
4∆2Ω′2 + 3Ω4 +Ω2
[
4∆2 cos
Ω′τ
2
+ Ω2 cos(Ω′τ)
− 4
(
∆2 + Ω′2 +Ω2 cos
Ω′τ
2
)
sin2
Ω′τ
4
cosΦ
]}
, (11)
where Φ is a combination of the three individual laser
phases, Φ = φ1− 2φ2+φ3, and Ω′ =
√
Ω2 +∆2, see Fig.
2 (solid line).
Remark 1: Unlike the Ramsey configuration, this pat-
tern is independent of T and thus of the intermediate dis-
tance L between the pulses since both interfering paths
spend the same amount of time in the upper level and
there is no accumulation of a phase difference.
Remark 2: dP sclge /dΦ ∝ sinΦ so that there is a mini-
mum (zero) at Φ = 0 independently of all other param-
eters. In particular, this is true (within this approxima-
tion) regardless of the velocity and the precision with
which the π/2 and π pulses are implemented.
Remark 3: The detuning may affect the visibility of
the fringes but does not shift the fringe pattern. Near
resonance, ∆ ≪ Ω, and considering perfect pulse areas,
(Ωτ = π), Eq. (11) (which does not depend on these
conditions) may be expanded to leading order in ∆ as
P sclge ≈ sin2
Φ
2
(
1− ∆
2
Ω2
)
. (12)
The semiclassical central zero is in summary robust ver-
sus velocity or detuning variations, and does not require
strict (π/2 and π) conditions on the pulse areas. How-
ever, if the kinetic energy of the atom is comparable with
the interaction energy, this semiclassical approach breaks
down and a full quantum mechanical solution becomes
necessary, yielding a phase shift of the interference pat-
tern as we shall see.
IV. QUANTUM TREATMENT
The general solution to the stationary Schro¨dinger
equation (4) away from the laser fields takes the form
|ψx〉 =
(
G+e
ikxx +G−e
−ikxx
) |g〉
+
(
E+e
iqxx + E−e
−iqxx
) |e〉, (13)
where the amplitudes G± and E± have to be determined
from the boundary and matching conditions. We will
follow Ref. [21] to derive the exact quantum result of the
interference pattern. Let us denote by Rlij (T
l
ij) the total
reflection (transmission) amplitudes of an atom entering
the interferometer from the left in the i channel and an
outgoing plane wave in the j channel, i, j = g, e. In the
case of a plane wave incident from the left in the ground
state, we have, for the leftmost laser-free region I, see
Fig. 1,
|ψ〉
I
=
(
eikxx +Rlgge
−ikxx
) |g〉+Rlgee−iqxx|e〉, (14)
whereas the outgoing wave to the right of field 3, region
V II, has the form
|ψ〉
V II
= T lgge
ikxx|g〉+ T lgeeiqxx|e〉. (15)
That is, after passing the three laser pulses the atom
may still be in the ground state, propagating with a
wavevenumber kx, or in the excited state, propagating
4with a wavenumber qx. In the latter case, the atomic
transition |g〉 → |e〉 induced by the laser field changes the
kinetic energy in the effective equation for x-direction.
For ∆ > 0 the kinetic energy of the excited state com-
ponent is enhanced by h¯∆ whereas for ∆ < 0 it is re-
duced by h¯∆. For ∆ smaller then the critical value
∆cr = −h¯k2x/2m, the excited state component becomes
evanescent and its transmission probability vanishes (the
channel becomes closed). Thus, the quantum mechan-
ical probability to observe the transmitted atom in the
excited state is zero for ∆ ≤ ∆cr; otherwise
P qge =
qx
kx
∣∣T lge∣∣2 for ∆ > ∆cr, (16)
and we shall limit the analysis to this later case. (For a
study of the evanescent regime see [25]). The exact form
of T lge follows from the matching conditions between the
free-space solutions and the dressed state solutions inside
the fields using the transfer matrix formalism [21, 26, 27].
A. Excited state probability amplitude
The solutions (13) in the laser free regions may be given
in a compact form by a constant 4-dimensional vector
v = (G+, G−, E+, E−)
′ (the prime means “transpose”)
with the complex amplitudes. In particular, the scat-
tering boundary conditions are imposed on the external
regions I and V II,
v
I
= (1, Rlgg, 0, R
l
ge)
′, (17)
v
V II
= (T lgg, 0, T
l
ge, 0)
′. (18)
These solutions at the external regions are related by a
combination of transfer matrices [21, 27], see Appendix
B, as
v
I
= T(1)T(2)T(3)v
V II
= Ttotv
V II
, (19)
where T(n) is the transfer matrix for the nth laser, i. e.,
T
(1) = T(0, l/2, φ1),
T
(2) = T(L + l/2, L+ 3l/2, φ2),
T
(3) = T(2L+ 3l/2, 2L+ 2l, φ3), (20)
and Ttot is the “total” transfer matrix for the whole in-
terferometer. Solving Eq. (19) for T lge, we find that the
excited state transmission probability amplitude is given
by
T lge =
T
tot
31
T
tot
13 T
tot
31 − Ttot11 Ttot33
. (21)
B. Two-channel recurrence relations
Since the transfer matrices for the laser interactions are
known in terms of the laser parameters, see Appendix B,
Eq. (21) provides an explicit, and easy to calculate ex-
pression. However, this numerical calculation alone does
not necessarily provide much physical insight. It is useful
to relate the transfer matrices to scattering transmission
and reflection amplitudes for the individual laser regions.
We denote by (rn)
l
ij and (tn)
l
ij the single-laser reflection
and transmission amplitude for incidence on the nth laser
“barrier” from the left in the ith channel and an outgo-
ing plane wave in the jth channel (as before i, j = g, e),
and by (rn)
r
ij and (tn)
r
ij the corresponding amplitudes
for right incidence. These scattering amplitudes for the
laser units are also easy to calculate (exactly, using Eqs.
(C6,C8,B10), or with approximations, e.g. semiclassi-
cally [26] or otherwise), and their moduli are typically
close to one or zero, so that we may introduce an ex-
pansion parameter, see below, to discern the dominant
contributions corresponding to “direct scattering”, and
classify the order of the corrections in terms of the num-
ber of reflections. One further advantage is that we may
also classify and distinguish the paths according to the
number of inter-laser free-motion regions in which the
atom flies in the excited state (for direct, reflectionless
paths, this number may be 0, as in A4 of Fig. 1, 1, as
in A2 and A3, or 2, as in A1). We may thus distinguish
those paths that will finally interfere (e.g., A2 and A3 in
Fig. 1) from those that will not (A1 and A4 in Fig. 1)
in an atomic wave-packet because of the arm separation
due to recoil.
The relation between the matrix elements T
(n)
ij and
the individual scattering amplitudes (rn)
l,r
i,j , (tn)
l,r
i,j is in-
vertible, i. e., T
(n)
ij = fn
[
(rn)
l,r
i,j , (tn)
l,r
i,j
]
with invertible
known functions fn (see Appendix C).
C. Mach-Zehnder terms
If the kinetic energy (h¯kx)
2/(2m) is larger than the
Rabi energy h¯Ω the scattering process will be dominated
by transmission through all fields and all reflection am-
plitudes will be small quantities compared to the trans-
mission ones, i. e., |(tn)l,rij | ≫ |(rn)l,rij | for all lasers
(n = 1, 2, 3). Moreover, the second laser is assumed
to apply very nearly a π-pulse which flips the internal
atomic state, so that |(t2)l,rii | ≪ 1. Multiplying all small
amplitudes by a small expansion parameter η, the series
expansion in η of T lge has the form
T lge = (A
q
2 +A
q
3) + η (A
q
1 +A
q
4) + η
2
22∑
i=1
Bqi , (22)
where the individual quantum amplitudes Aqi and B
q
i are
given in Appendix D in terms of the single laser scattering
amplitudes (rn)
r,l
ij and (tn)
r,l
ij .
The dominant zeroth order terms are in correspon-
dence with the Ascl2 and A
scl
3 direct paths in the semiclas-
sical picture, whereas first order corrections correspond
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FIG. 2: P sclge (Eq. (11), solid line) and P
q
ge (Eq. (31), dashed
line) as a function of the phase difference Φ for a resonant
condition ∆ = 0. Data: vx = 1 cm/s, l = 10µm, mNa =
3.82 × 10−26 Kg. The Rabi frequency is fixed to satisfy the
π-pulse condition, Ω = πvx/l = 2π × 500 Hz.
to the semiclassical Ascl1 and A
scl
4 paths and are small
since they contain diagonal transmission amplitudes in
the second laser (Appendix D 1). The quantum reflec-
tion effects are included in the second order terms, which
contain the quantum amplitudes Bqi for all the 22 possi-
ble paths leading to a transmitted excited atom including
two reflections, see Appendix D 2.
In a wave packet, recoil effects will separate in space
all these paths leading to transmitted excited atoms. In
order to compare the quantum interference pattern with
the one obtained semiclassically in Eq. (11), we choose
those paths interfering with Aq2 and A
q
3, i.e., the ones in
the Mach-Zehnder geometry (along thick lines in Fig. 1):
they are Bqi with i = 1, 2, 3, 4. This gives the following
transmission amplitude,
T lge ≈ Aq2 +Aq3 +
4∑
i=1
Bqi , (23)
and the excited state probability
P qge ≈
qx
kx
∣∣∣∣∣Aq2 +Aq3 +
4∑
i=1
Bqi
∣∣∣∣∣
2
, (24)
see Eq. (16).
D. Direct scattering and quantum shifts
We shall first work out the direct scattering case in
which the reflection terms can be neglected,
P qge ≈
qx
kx
|Aq2 +Aq3|2 . (25)
Let us first write the amplitudes in terms of their moduli
and phases,
Aq2 = (t1)
l
ge(t2)
l
eg(t3)
l
ge (26)
= |(t1)lge(t2)leg(t3)lge|e−i(φ1−φ2+φ3)eiθ2
Aq3 = (t1)
l
gg(t2)
l
ge(t3)
l
ee = |(t1)lgg(t2)lge(t3)lee|e−iφ2eiθ3
where the θ2,3 transmission phases result from the addi-
tion of the phases of the individual transmission ampli-
tudes along the path when all φn = 0. From the semi-
classical expressions,
Ascl2 = |Ascl2 |e−i(φ1−φ2+φ3)eiθ
scl
2 , (27)
Ascl3 = = |Ascl3 |e−iφ2eiθ
scl
3 , (28)
we have that, in a π/2−π−π/2 configuration with ∆ = 0,
θscl2 − θscl3 = π, see Appendix A. For the quantum case
we may also expect δθ ≡ θq2 − θq3 ≈ π. If we write the
actual phase as δθ = π+ δΦ, there will be a minimum of
|Aq2+Aq3|2 = |Aq2|2+|Aq3|2+2 cos(−Φ+δθ)|Aq2||Aq3|, (29)
at Φ = δΦ,
dP qge
dΦ
∝ sin (−Φ+ π + δΦ) = 0. (30)
This is a quantum phase shift which vanishes in the semi-
classical limit. Imposing the condition Ωl/vx = π at
each velocity (i.e., exact semiclassical π/2 and π con-
ditions), the quantum motion shift is shown in Fig. 2
(dashed line). Take note that the minimum of P qge is
not a zero since the quantum moduli |Aq2| and |Aq3| do
not exactly coincide: these conditions do not really split
the beam in two equal halves at the external lasers, so
that |(t1)lgg| 6= |(t1)lge|, and |(t3)lge| 6= |(t3)lee|. The con-
sequence is a quantum reduction of visibility. We may
look for enhanced visibility modifying the laser intensity
and thus the pulse area away from the former condition,
i.e., Ωl/vx = π + ǫ. Figs. 3 and 4 show the moduli |Aq2|
and |Aq3| and the phase shift δΦ as a function of the extra
phase ǫ for fixed laser width and velocity. Note that the
moduli of |Aq2| and |Aq3| cross each other at a value ǫo, so
that a zero of P qg,e can indeed be achieved by adjusting
the Rabi frequency at (π + ǫo)vx/l. There are however
two important differences with respect to the semiclassi-
cal exact π/2− π − π/2 case: (a) the “optimal” value ǫo
depends on the velocity (in the semiclassical case ǫo = 0
for all vx); (b) even for the optimal ǫo, there is a quantum
phase shift, δΦ 6= 0.
E. Reflections
Adding the next order in Eq. (24), and taking into
account the phase dependence of each of the quantum
scattering amplitudes (Appendix D3), one may write
P qge ≈
qx
kx
∣∣∣e−iΦ (A˜q2 + B˜q2 + B˜q4
)
+
(
A˜q3 + B˜
q
1 + B˜
q
3
)∣∣∣2 ,
(31)
6−0.01 −0.005 0 0.005 0.01
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FIG. 3: |Aq2| and |A
q
3| as a function of ǫ (the deviation from
perfect pulse areas, i. e., Ωl/vx = π+ǫ) for different velocities:
The thin lines correspond to vx = 0.5 cm/s and the thick ones
to vx = 1.0 cm/s (l = 10µm in both cases). Note that the two
moduli cross each other at some value of ǫ. At these values,
|Aq2| = |A
q
3| and maximum visibility will be obtained, see Eq.
29.
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FIG. 4: Quantum phase difference for non-perfect pulse areas
for fixed values of v = 1 cm/s and l = 10µm. Note that in the
semiclassical case this difference is θscl2 − θ
scl
3 = π for every
value of ǫ, i.e, for every pulse length.
where the tildes are the amplitudes for φn = 0, n =
1, 2, 3. P qge is plotted in Fig. 2 for Ωl/vx = π. For a
velocity region the result cannot be distinguished from
the calculation with direct paths only, which should be
dominant for h¯2k2x/2m ≫ h¯Ω. Combining this with the
π-pulse condition, the direct scattering approximation
is valid when kxl ≫ 2π, as it is observed in Fig. 5,
where, for lower values of kxl the direct approximation
breaks down and quantum reflection effects become rel-
evant. The effect is a rather chaotic oscillation of the
shift (the actual structure is even more complex than the
one shown in the scale of the figure). There are however
several reasons why this regime will be difficult to see in
practice as commented in the final discussion.
F. Effect of the detuning
The calculations so far have been made for perfectly
resonant interactions, i. e., for ∆ = 0, where the detuning
∆ contains both the natural detuning ∆0 and the kinetic
detuning, see Eqs. (6,7). In a wave packet it is not
possible to fulfill the perfect resonant ∆ = 0 condition
exactly for all components: Even though one may adjust
the laser frequency to compensate for the recoil term in
Eq. (7), the momentum spread of the wave-packet in the
y direction, ∆ky, will lead to a detuning spread from the
Doppler term, ∆D = h¯kykL/m. In the semiclassical case,
we have already shown that the detuning can only affect
the visibility of the interference fringes but will not affect
their position, see Eq. (12). This is no longer true in a
fully quantum calculation. Since the position spread in
the y direction, ∆y, cannot be larger than h¯kLT/2m in
order to suppress the interference with outer paths, ∆ky
will also be limited. We may thus estimate the Doppler-
detuning spread as
∆±D ≈
h¯kL(∆ky)
m
≈ ± 2
T
≈ ±2vx
L
. (32)
Numerical simulations with vx ≈ 1 cm/s and l = 0.1−1.0
m show that a kinetic detuning like this has negligible
effect in the calculated phase shift, which is quite robust
against detuning fluctuations.
V. DISCUSSION
In this paper we have explored the low velocity limit of
atomic interferometry in a simple Mach-Zehnder π/2 −
π−π/2 configuration of spatially separated laser fields ig-
noring further external fields. In particular, we have per-
formed a fully quantum analysis of incident monochro-
matic stationary atomic waves by providing explicit ex-
pressions for transmission probabilities from which the
physically relevant paths and contributions in terms of
transmission and reflection amplitudes for the individual
laser fields may be extracted.
For laser fields separated in space, the ideal π/2− π−
π/2 conditions leading to perfect splitting, perfect reflec-
tion, and interferometer phase given exclusively by the
laser field phases cannot be reached in a fully quantum
scenario, even for a fixed incoming velocity. The conse-
quence is a quantum-motion phase shift at low atomic
velocities related to the phases of the transmission am-
plitudes. One may optimize the fringe visibility by de-
viating the Rabi frequency from the semiclassical value,
but a phase shift remains which, in addition, depends on
the incident velocity. This quantum-motion shift is quite
insensitive to the detuning to be found in wave packet
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0.1
0.2
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FIG. 5: Phase shift of the interference pattern as a function
of kxl. The lenght l is kept constant, while the velocity (and
thus the Rabi frequency) are changed in order to maintain
the π/2-pulse condition. It should be clear from Eq. (11)
that in the semiclassical regime, there is no phase shift (solid
line). The dashed line corresponds to the direct scattering
approximation, where quantum reflections are neglected. At
low velocities, quantum reflections become relevant and direct
approximation breaks down (dotted line). Resonant ∆ = 0
pulses have been considered for the calculations, but numeri-
cal simulations show the robustness of the phase shift against
detuning fluctuations. Changes in the detuning of the order
±2vx/L are indistinguishable in the scale of the figure, see
Sec. IVF.
components but shows wild oscillations when the veloc-
ities are so low that paths with reflections at the fields
become significant.
All the above has been done for square laser profiles in
the longitudinal direction, with two-channel recurrence
relations which are by construction well adapted to gen-
eralizations for more realistic laser intensity profiles. We
have also considered flat laser sheets ignoring the cur-
vature of the field. For direct paths (transmitted in all
lasers) this is a good approximation, whereas paths with
reflection, having longer flights and more collisions with
the laser fields, will be more affected by curvature effects,
which, together with other averaging effects (because of
their extreme sensitivity to tiny velocity variations) will
surely cancel their contribution to the shift.
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APPENDIX A: AMPLITUDES FOR ATOM AT
REST
These are the amplitudes needed for calculating matrix
elements in Eq. (10) with the Hamiltonian (8). Here the
atom is illuminated during a time t.
〈g|e−iHnt/h¯|g〉 = ei∆t/2[cos(Ω′t/2)− i∆
Ω′
sin(Ω′t/2)],
〈e|e−iHnt/h¯|e〉 = e−i∆t/2[cos(Ω′t/2) + i∆
Ω′
sin(Ω′t/2)],
〈e|e−iHnt/h¯|g〉 = −iei∆t/2e−iφn Ω
Ω′
sin(Ω′t/2),
〈g|e−iHnt/h¯|e〉 = −iei∆t/2eiφn Ω
Ω′
sin(Ω′t/2), (A1)
where Ω′ =
√
Ω2 +∆2. They are also useful to obtain
semiclassical approximations of matrix elements of trans-
mission amplitudes tn.
APPENDIX B: TRANSFER MATRICES
Consider the regions α = I, II, III in Fig. 1, separated
by x1 and x2. The general solution to the stationary
Schro¨dinger equation (4) of the effective Hamiltonian (5)
reads
|ψ(x)〉α = gα(x)|g〉 + eα(x)|e〉. (B1)
We want to find these solutions for α = I, II, III and
match them at the boundaries.
1. Solution outside and inside the fields
The solutions at the laser-free regions (α = I, III) are
given by
|ψ(x)〉α =
(
aαe
ikxx + bαe
−ikxx
) |g〉
+
(
cαe
iqxx + dαe
−iqxx
) |e〉, (B2)
where h¯kx is the initial momentum of the atom in the
longitudinal x direction and q2x = k
2
x+2m∆/h¯. Inside the
laser fields the (unnormalized) dressed state basis which
diagonalizes the interaction part of the Hamiltonian is
given by |λ±〉 = |g〉+2λ±e−iφΩ−1|e〉, where λ± = (−∆±
Ω′)/2 are the dressed energies. The solution inside the
interaction region (α = II) will be given in terms of these
dressed states and dressed energies,
|ψ(x)〉
II
=
(
aIIe
ik+x + bIIe
−ik+x
) |λ+〉,
+
(
cIIe
ik
−
x + dIIe
−ik
−
x
) |λ−〉, (B3)
with wavenumbers k2± = k
2
x − 2mλ±/h¯. The solution in
each zone can be then given by a set of 4 unknown com-
plex amplitudes, collected in a constant complex vector
vα = (aα, bα, cα, dα)
′, where the prime means “trans-
pose”.
82. Matching Conditions: one laser
The wave functions and their derivatives with respect
to x may be written in the following way in each of the
zones. Outside the interaction region (α = I, III),


gα(x)
eα(x)
g˙α(x)
e˙α(x)

 =M0(x)


aα
bα
cα
dα

 , (B4)
and inside the field (α = II)


gα(x)
eα(x)
g˙α(x)
e˙α(x)

 =Mb(x, φ1)


aα
bα
cα
dα

 , (B5)
where the dot represents derivative with respect to x.
The M matrices are explicitly given by
M0(x) =


eikx e−ikx 0 0
0 0 eiqx e−iqx
ikeikx −ike−ikx 0 0
0 0 iqeiqx −iqe−iqx

 ,
Mb(x, φ) =


eik+x e−ik+x eik−x e−ik−x
2λ+
Ω e
−iφeik+x 2λ+Ω e
−iφe−ik+x 2λ−Ω e
−iφeik−x 2λ−Ω e
−iφe−ik−x
ik+e
ik+x −ik+e−ik+x ik−eik−x −ik−e−ik−x
ik+
2λ+
Ω e
−iφeik+x −ik+ 2λ+Ω e−iφe−ik+x ik− 2λ−Ω e−iφeik−x −ik− 2λ−Ω e−iφe−ik−x

 . (B6)
With this notation, the matching conditions at x = x1
and x = x2 can be written as
M0(x1)vI = Mb(x1, φ1)vII , (B7)
Mb(x2, φ1)vII =M0(x2)vIII . (B8)
Eliminating v
II
from the system above, we end up with
a transfer matrix T(x1, x2, φ1) which connects the ampli-
tudes of both sides,
v
I
= T(x1, x2, φ1)vIII , (B9)
defined by
T(x1, x2, φ) =M0(x1)
−1Mb(x1, φ)Mb(x2, φ)
−1M0(x2).
(B10)
3. Phase dependence
The explicit dependence of the (one laser) transfer ma-
trix on the laser phase φ (we drop the laser index n) is
as follows
T(x1, x2, φ) =


T˜11 T˜12 e
iφ
T˜13 e
iφ
T˜14
T˜21 T˜22 e
iφ
T˜23 e
iφ
T˜24
e−iφT˜31 e
−iφ
T˜32 T˜33 T˜34
e−iφT˜41 e
−iφ
T˜42 T˜43 T˜44

 ,
where the tildes represent the phase-free form of the am-
plitudes, i. e., T˜ij = Tij(φ = 0).
4. Multiple laser fields
Clearly we may repeat step by step the operations
above for the second and third laser. The results are for-
mally the same, except for the substitution of the match-
ing points and the laser phase. We may then write
v
I
= T(x1, x2, φ1)vIII , (B11)
v
III
= T(x3, x4, φ2)vV , (B12)
v
V
= T(x5, x6, φ3)vV II , (B13)
and relate the waves on the extremes by
v
I
= T(x1, x2, φ1)T(x3, x4, φ2)T(x5, x6, φ3)vV II . (B14)
APPENDIX C: RECURRENCE RELATIONS
Consider, for the nth laser located between xi and xf ,
the following “elementary” scattering boundary condi-
tions corresponding to incidence of a wave in one channel
from left or right:
• Left incoming, ground state:


1
(rn)
l
gg
0
(rn)
l
ge

 = T(n)(xi, xf )


(tn)
l
gg
0
(tn)
l
ge
0

 . (C1)
9• Left incoming, excited state:

0
(rn)
l
eg
1
(rn)
l
ee

 = T(n)(xi, xf )


(tn)
l
eg
0
(tn)
l
ee
0

 . (C2)
• Right incoming, ground state:

0
(tn)
r
gg
0
(tn)
r
ge

 = T(n)(xi, xf )


(rn)
r
gg
1
(rn)
r
ge
0

 . (C3)
• Right incoming, excited state:

0
(tn)
r
eg
0
(tn)
r
ee

 = T(n)(xi, xf )


(rn)
r
eg
0
(rn)
r
ee
1

 . (C4)
Thus, for each laser we have a system of 16 equations
which can be solved to give the transfer matrix T(n) el-
ements as a function of the single field scattering ampli-
tudes (rα)
r,l
ij , or the other way around, the single field
scattering amplitudes in terms of the transfer matrix ele-
ments. Combined with Eq. (B10), this provides explicit,
exact expressions for the scattering amplitudes.
1. T
(n)
ij as a function of (rn)
l,r
i,j and (tn)
l,r
i,j
We have dropped the n index of the laser for simplicity.
T11 = t
l
ee/f
T12 = (r
r
get
l
eg − rrggtlee)/f
T13 = −tleg/f
T14 = (r
r
eet
l
eg − rregtlee)/f
T21 = (r
l
ggt
l
ee − rlegtlge)/f
T22 = t
r
gg −
rlggr
r
ggt
l
ee − rlggrrgetleg − rlegrrggtlge + rlegrrgetlgg
f
T23 = (r
l
egt
l
gg − rlggtleg)/f
T24 = t
r
eg −
rlggr
r
egt
l
ee − rlggrreetleg − rlegrregtlge + rlegrreetlgg
f
T31 = −tlge/f
T32 = (r
r
ggt
l
ge − rrgetlgg)/f
T33 = t
l
gg/f
T34 = (r
r
egt
l
ge − rreetlgg)/f
T41 = (r
l
get
l
ee − rleetlge)/f
T42 = t
r
ge −
rlger
r
ggt
l
ee − rlgerrgetleg − rleerrggtlge + rleerrgetlgg
f
T43 = (r
l
eet
l
gg − rlgetleg)/f
T44 = t
r
ee −
rlger
r
egt
l
ee − rlgerreetleg − rleerregtlge + rleerreetlgg
f
with the common denominator f defined by
f = tleet
l
gg − tlegtlge. (C5)
2. (rn)
l,r
i,j and (tn)
l,r
i,j as a function of T
(n)
ij
We have dropped the n index of the laser for simplicity.
rlgg = −(−T23T31 + T21T33)/F
rlge = (−T33T41 + T31T43)/F
rleg = −(−T13T21 + T11T23)/F
rlee = −(−T13T41 + T11T43)/F
rrgg = (−T13T32 + T12T33)/F
rrge = −(T12T31 − T11T32)/F
rreg = (T14T33 − T13T34)/F
rree = −(T14T31 − T11T34)/F
tlgg = −T33/F
tlge = T31/F
tleg = T13/F
tlee = −T11/F (C6)
(C7)
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trgg = −
−T13T22T31 + T12T23T31 + T13T21T32 − T11T23T32 − T12T21T33 + T11T22T33
F
trge = −
T13T32T41 − T12T33T41 − T13T31T42 + T11T33T42 + T12T31T43 − T11T32T43
F
treg = −
T14T23T31 − T13T24T31 − T14T21T33 + T11T24T33 + T13T21T34 − T11T23T34
F
tree = −
−T14T33T41 + T13T34T41 + T14T31T43 − T11T34T43 − T13T31T44 + T11T33T44
F
(C8)
where the common denominator F is given by
F = T13T31 − T11T33 (C9)
APPENDIX D: EXPLICIT EXPRESSIONS OF
THE QUANTUM SCATTERING AMPLITUDES
We give here explicit expressions for the amplitudes in
Eq. (22).
1. 4 direct paths
There are four possible paths leading to an excited
atom with no reflection. These are the corresponding
amplitudes,
Aq1 = (t1)
l
ge(t2)
l
ee(t3)
l
ee, (D1)
Aq2 = (t1)
l
ge(t2)
l
eg(t3)
l
ge, (D2)
Aq3 = (t1)
l
gg(t2)
l
ge(t3)
l
ee, (D3)
Aq4 = (t1)
l
gg(t2)
l
gg(t3)
l
ge. (D4)
2. 22 paths with two reflections
The quantum amplitudes Bqi for all the 22 possible
paths leading to a transmitted excited atom including
two reflections, provided that the perfect π-pulse at the
second laser flips the atomic state are explicitly given by
Bq1 = (t1)
l
gg(r2)
l
gg(r1)
r
gg(t2)
l
ge(t3)
l
ee,
Bq2 = (t1)
l
gg(r2)
l
gg(r1)
r
ge(t2)
l
eg(t3)
l
ge,
Bq3 = (t1)
l
gg(t2)
l
ge(r3)
l
eg(r2)
r
gg(t3)
l
ge,
Bq4 = (t1)
l
ge(t2)
l
eg(r3)
l
gg(r2)
r
gg(t3)
l
ge,
Bq5 = (t1)
l
gg(r2)
l
ge(r1)
r
eg(t2)
l
ge(t3)
l
ee,
Bq6 = (t1)
l
gg(r2)
l
ge(r1)
r
ee(t2)
l
eg(t3)
l
ge,
Bq7 = (t1)
l
gg(t2)
l
ge(r3)
l
eg(r2)
r
ge(t3)
l
ee,
Bq8 = (t1)
l
ge(t2)
l
eg(r3)
l
gg(r2)
r
ge(t3)
l
ee,
Bq9 = (t1)
l
ge(r2)
l
eg(r1)
r
gg(t2)
l
ge(t3)
l
ee,
Bq10 = (t1)
l
ge(r2)
l
eg(r1)
r
ge(t2)
l
eg(t3)
l
ge,
Bq11 = (t1)
l
gg(t2)
l
ge(r3)
l
ee(r2)
r
ee(t3)
l
ee,
Bq12 = (t1)
l
gg(t2)
l
ge(r3)
l
ee(t2)
r
eg(r1)
r
gg(t2)
l
ge(t3)
l
ee,
Bq13 = (t1)
l
gg(t2)
l
ge(r3)
l
eg(t2)
r
ge(r1)
r
eg(t2)
l
ge(t3)
l
ee,
Bq14 = (t1)
l
gg(t2)
l
ge(r3)
l
ee(t2)
r
eg(r1)
r
ge(t2)
l
eg(t3)
l
ge,
Bq15 = (t1)
l
gg(t2)
l
ge(r3)
l
eg(t2)
r
ge(r1)
r
ee(t2)
l
eg(t3)
l
ge,
Bq16 = (t1)
l
ge(t2)
l
eg(r3)
l
ge(r2)
r
ee(t3)
l
ee,
Bq17 = (t1)
l
ge(r2)
l
ee(r1)
r
eg(t2)
l
ge(t3)
l
ee,
Bq18 = (t1)
l
ge(t2)
l
eg(r3)
l
ge(t2)
r
eg(r1)
r
gg(t2)
l
ge(t3)
l
ee,
Bq19 = (t1)
l
ge(t2)
l
eg(r3)
l
gg(t2)
r
ge(r1)
r
eg(t2)
l
ge(t3)
l
ee,
Bq20 = (t1)
l
ge(r2)
l
ee(r1)
r
ee(t2)
l
eg(t3)
l
ge,
Bq21 = (t1)
l
ge(t2)
l
eg(r3)
l
ge(t2)
r
eg(r1)
r
ge(t2)
l
eg(t3)
l
ge,
Bq22 = (t1)
l
ge(t2)
l
eg(r3)
l
gg(t2)
r
ge(r1)
r
ee(t2)
l
eg(t3)
l
ge.(D5)
3. Phase dependence of the scattering amplitudes
The dependence of each of the path amplitudes on the
laser phases are easily obtained from the 2-channel re-
currence relations and the transfer matrix formalism. If
the phase-free amplitudes (for all φn = 0) are denoted by
11
tildes, we have
Aq1 = e
−iφ1A˜q1,
Aq2 = e
−i(φ1−φ2+φ3)A˜q2,
Aq3 = e
−iφ2A˜q3,
Aq4 = e
−iφ3A˜q4,
Bq1 = e
−iφ2B˜q1 ,
Bq2 = e
−i(φ1−φ2+φ3)B˜q2 ,
Bq3 = e
−iφ2B˜q3 ,
Bq4 = e
−i(φ1−φ2+φ3)B˜q4 . (D6)
[1] Atom Interferometry, ed. by P. R. Berman (Academic
Press, London, 1997).
[2] M. Kasevich and S. Chu, Phys. Rev. Lett 67, 181 (1991).
[3] M. Snadden, J. M. McGuirk, P. Bouyer, K. G. Haritos,
and M. A. Kasevich, Phys. Rev. Lett. 81 971 (1998).
[4] F. Riehle, T. Kisters, A. Witte, J. Helmcke, and C. J.
Borde´, Phys. Rev. Lett. 67, 177 (1991).
[5] T. L. Gustavson, A. Landragin, and M. A. Kasevich,
Class. Quantum Grav. 17, 2385 (2000).
[6] Weiss D. S., Young B. C., Chu.S., (1994) Appl. Phys. B
59, 217.
[7] A. Peters, C. Keng Yeow, and S. Chu, Nature (London)
400, 849 (1999).
[8] C. Jentsc, T. Mu¨ller, E. M. Rasel, and W. Ertmer, Gen.
Relativ. Gravit. 36, 2197 (2004).
[9] Ch. Antoine and Ch. Borde´, J. Opt. B: Quantum Semi-
classical Opt. 5, S199 (2003).
[10] B. Dubetsky and M. A. Kasevich, Phys. Rev. A 74,
023615 (2006).
[11] Ch. Antoine and Ch. Borde´, cond-mat/0601004.
[12] C. Antoine, Phys., Rev. A 76, 033609 (2007).
[13] T. Mukai and F. Shimizu, Jpn. J. Appl. Phys. 34, 3298
(1995).
[14] G. M. Tino et al., Nucl. Phys. B 166, 159 (2007).
[15] C. J. Borde´, Phys. Lett. A 140, 10 (1989).
[16] V. P. Chebotayev, B. Dubetsky, A. P. Kasevich, V. P.
Yakovlev, J. Opt. Soc. Am. B 2, 1791 (1989).
[17] D. Kadio and Y. B. Band, Phys. Rev. A 74, 053609
(2006).
[18] S. V. Mousavi, A. del Campo, I. Lizuain, and J. G. Muga,
Phys. Rev. A 76, 033607 (2007).
[19] N. M. Ramsey, Molecular Beams (Oxford University
Press, London, 1956)
[20] D. Seidel and J. G. Muga, Isr. J. of Chem. 47, 67 (2007).
[21] Seidel D., Muga J. G., 2006 Eur. Phys. J. 41, 71 (2007).
[22] M. G. Rozman, P. Reineker, and R. Tehver, Phys. Rev.
49, 3310, 1994.
[23] Ch. J. Borde´, in Atom Interferometry, ed. by P. R.
Berman (Academic Press, London, 1997), pg. 257.
[24] B. Young, M. Kasevich, S. Chu, Precision atom inter-
ferometry with light pulses, in: Atom interferometry, ed.
Berman P. R., (Academic Press, San Diego, 1997), pp.
363–406.
[25] B. Navarro, I. L. Egusquiza, J. G. Muga, and G. C.
Hegerfeldt, Phys. Rev. A 67, 063819 (2003).
[26] J. A. Damborenea, I. L. Egusquiza, G. C. Hegerfeldt, and
J. G. Muga, J. Phys. B 36, 2657 (2003). Note the typo
in Eq. (A.2) where the factors 2λ±/Ω are missing in the
second and fourth row.
[27] J. A. Damborenea, I. L. Egusquiza, G. C. Hegerfeldt, J.
G. Muga, J .Phys. B: Mol. Opt. Phys. 36, 2657 (2003).
